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Several mathematical frameworks of exact quantum many-body scars
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Abstract: The statistical laws of many-body systems is a bridge between microscopic interactions and macro-
scopic behaviors, and it is also the basis of predicting equilibrium macroscopic properties in a quantitative way.
While modern ergodic theory has significantly deepened our understanding of the foundations of classical statisti-
cal mechanics, the eigenstate thermalization hypothesis (ETH) can put quantum statistical physics on a more
solid foundation. In recent years, the rapid development in manipulating artificial quantum systems has spurred
research in equilibrium properties as well as in the thermalization dynamics of isolated quantum systems. The
strong ETH, which posits that in a generic interacting many-body system, the eigenstate of every finite energy
density thermalizes, has withstood these tests. However, a recent experimental study in a Rydberg atom chain
has revealed the existence of a weak ergodicity-breaking system, where ETH fails in a measure-zero set of spe-
cial eigenstates-quantum many-body scars (QMBS). This article gives a brief review of several paradigmatic
mathematical formalisms of QMBS. It then introduces the correlation matrix framework of QMBS that unifies
many previous mathematical formalisms.
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Figure 1 A schematic plot of the expectation value { O>“ of a
local observable O with respect to the eigenstate‘ </J,,> against

the eigenenergy F,
At the center of the band, the effective temperature ap-

proaches infinity, which can be deduced from the condition
E= Tr(e A ) /Tre®. And the bandwidth of <O> here scales
with the dimension of the Hilbert space D as 60~ 1/vD. Ac-

cording to the ETH, this band should approach a smooth line in

the thermodynamic limit.
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Figure 2 (a) An illustration of thermalization in a generic
isolated interacting quantum many-body system. If we
prepare an isolated system in a generic state ‘ (1= O)> and let
it evolve under its Hamiltonian, the expectation value of a

local observable O, O(t)z<¢(z)‘(§‘¢> will undergo small

fluctuation around an equilibrium value O.. after a finite

relaxation time /. Moreover, O. equals the ensemble-

averaged value, with energy set by the initial state

‘(/:(1:0)>. When O corresponds to the density of a global
conserved quantity, the relaxation time is typically on the
same order as the timescale 7. set by the characteristic energy
scale, #x~1t.; (b) A schematic plot of the absence of
thermalization in a Rydberg atom chain in the Rydberg
blockade regime. In experiments, a certain local observable 0]
undergoes long-time anomalous coherent oscillation even
after the characteristic time scale #., indicating a failure to

thermalize.
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Figure 3 A one-dimensional Rydberg atom chain
g) =58 F=2,my=-2) of
¥Rb atom with the Rydberg state \r>:‘7OSV2,m,:—1/2>,

To couple the ground state

two lasers of wavelengths 420 nm (blue) and 1013 nm (red)
are needed. Since the two lasers only couple ground state |o)
to the Rydberg state|+), the system can be described as a spin-
1/2 model.
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Figure 4 A plot of the eigenstate expectation value of
<af> = <g//,, ‘ o1 ‘ ¢,,> against the eigenenergy £, of the PXP model
The computation 1s performed for a system size L = 30 in the
(£,1)=1(0, 1) symmetry sector where £ is the lattice momen-
tum and I is the parity quantum number. The brightness of the

data points in the bulk represents the density of data points.
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Figure 5 (a) The probability overlaps of eigenstate ‘¢,,> in
the PXP model with the |Z,) state, [{Z.]¢,)|’s (b) The

bipartite von Neumann entanglement entropy S, of the
eigenstates. Both plots are plotted against the eigenenergy
E,. The brightness of the color represents the local density of
data points, and quantum many-body scars are circled in blue.
Same as Fig. 4, the computation uses parameters (L, %, 1)=

(30,0,1).
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Figure 6 An illustration of the violation of ETH in the
Shiraishi-Mori construction

For simplicity and without loss of generality, we consider the
case where the system is devoid of usual on-site symmetries.
The Hilbert space can always be written as a direct sum of sub-
spaces spanned by two groups of eigenstates H = S(R. We
assume the eigenstates in R obey the ETH so that the corre-
sponding <(§>” as a function of the eigenenergy E, will be a
smooth line (blue solid line). If the Hamiltonian matrix ele-
ment in a measure-zero subspace S can be reconstructed from
a local Hamiltonian H #* FI, in general, <(5>” as a function of
E, will be a different line (red dashed line). It becomes clear
that two eigenstates close to eigenenergy in S and R, denoted
as blue and red crosses, can have disparate values 0[<()>”, re-

sulting a violation of the ETH.
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Figure 7 Schematic plot of two degenerate ground states
in the Majumdar-Ghosh model
A schematic plot of the two ground states of the Majumdar-

Ghosh model, ‘¢1> and ‘¢Z>. The two spins in each dashed

oval form a singlet state, %(M $> *‘ v T> )
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Figure 8 Schematic illustration of how the 7-pairing state‘ 77,,>

(1Y 0 0

is annihilated by the sublattice hopping term 7:<,.j> in real space

From expression (32), configurations with nonzero contribu-
tions upon the action of 7:,_/ involve either site 7 being fully oc-
cupied (red and blue circles for spin up and spin down, respec-
tively) while site j is empty, or vice versa. Irrelevant configu-
rations at other sites are omitted. The resulting configurations
are shown on the rightmost panel. Since the hopping repre-
sented by the dashed line must cross a fermion, the associated
coefficient has a negative sign relative to that of the solid line.
If(-1)'+(-1)'=0, the two hopping processes cancel, ren-
dering ’f",,‘ 77,,>: 0.
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Figure 9 Illustrative plot of three stages in “from tunnel
to tower” construction

(a) The schematic energy levels of a non-Abelian Hamilto-
nian plotted against one quantum number 7. of one Cartan sub-
algebra element. The red levels with a light red background
correspond to the target scar subspaces (tunnels). Non-
Abelian symmetry allows a raising operator 7 to map one
state to another with a larger 7.; (b) The energy level spec-
trum after adding Hy= w7, to the original Hamiltonian. The
tunnel becomes a tower; (¢) Due to high symmetry in the sec-
ond stage, the tower is not a scar subspace yet. Adding an an-
nihilator Hamiltonian HA that annthilates the tower breaks
symmetry, dispersing the tower states (blue levels) into the

thermal spectrum.
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Figure 11 A plot of the bipartite entanglement entropy of
the eigenstates in the one-dimensional disordered AKLT
model against eigenenergies E,
The system size is L = 10, and each eigenstate is represented
by either a star or a green circle. The stars, corresponding to
QMBS, have anomalously low entanglement entropy com-
pared to the thermal eigenstates (circles). On the other hand,
thermal eigenstates uniformly have N,=1, while N,> 1 for
QMBS (the value of N is shown according to the color bar on
the right). Therefore, compared with the quantitative differ-
ence of entanglement entropy, the correlation matrix zeros N,
provides a qualitative indicator distinguishing QMBS from

thermal eigenstates.
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Figure 12 Data plot of eigenstate entanglement entropies and

correlation matrix zeros of a new deformed Hamiltonian F’

The data plot of bipartite von Neumann entanglement entropy
and the number of correlation matrix zeros for the eigenstates
of a new Hamiltonian, H=H+A (8D , against the ei-
genenergies E,. The explicit form of A can be found in[90].
The system size is L =10, and the symbols have the same

meaning as those in Fig. 11.

FO A 2 ] W JE % K RS f & X B AR PV,
R 296 IR 25 SR IR 4 A9 & B0 N 46 E il 2 Ny =
N, DT A I8 IR 25 AT AR S Do R o IR RE 1. 2795

I 4 B T X R Y = AN i 2 HOBR S B HESE o
m%ﬁf@T%&ﬁ ZAh B BE T KR A Y
J BB KRBT CZFD o A, 32 BR% A A EOHE 22

P 2 AE IR S W EE N A SRR FEOFEZR . A
SEFR A FEHL S AIE A 5 B Y RSGA HH FE IR 2
75 0] S 2 a0 R &A%

([A.7])—ci)s=As=o. (82)

S A=[H. 7 | —eq" A% 1 HH T Hi G &
— 3 A B R i%#%%%Tﬁﬁ%E*
A A o 5T L S AT YA ) K A Y S

itk AT L, ) o B — R e ok s R e
KIBBSEAT VA LA RO 3R 54 25 )
IR RE SCOCHR AR

M,= <¢ L'L, ¢>47<¢ L/ ><¢ i,¢>o (83)
X M2 1 A B JE K | LR R A )

we Ker (M) I 805545 O=">" w, L K IH |4 ) 19



260 MR ARER

2024 4F 9 A

KISR0l g)=¢|g) BT LIS A 2 4 0 2
F 56 395 4 I SR — 1~ A, i 5 A0 A A AL
F A5 1K 40t ok . S92 b, b T R AR R 0
AKLT B8 1 51 T , 506 1 52 68 B B 56 0% 4 £ 2
SCEL A L o 22 A

2 REiEE

T 2RI A R TR T RATX AR A A
AR BN HT A AE SR | 2 5 I IF S8 il R b 3= 5 1 3R AT
Xof AH A F AR 2R e RE AR AE 25 FN i F 2 KR i 25 B
JIF R o A S H R NAEF AR B LA
Xof T B TUAS ML AL (R AR R T A A R
S. Moudgalya fil O. Motrunich # 37 [ B 4t — Z HIl
Z AR i i 2 AR E IR S RE SR Y oo kT RUE
(commutant algebra) J7 kL ATEE & A A/ RE
SGA HEHL ¥ ANBEN A X MHESL Z , {H commutant
algebra J7 15 6 FR AT B A 1 R G0 — M 09 6 BR M A
SR ARA A R Y R R R A 5T 5 I
A 7 o MM 3 B { L Ly T -
B BT, BAE N e i A ek L 40F B
B 45 A AREO W K o B 5Tz AR B o i T
(centralizer/commutant) , ¥ F| F1 75 - 37 #K 2 XUAC He
& P (von Neumann double commutant theorem) fl
55 22010 2K B A SR AR R 2 6] A AN 1T 29 361, 4 HHORG 1
it 2R JE IR S AR 2 A AR X B 1Y R BAR AE
P 5 RAT BRI M ke — 8., REW
I, H R A HE 4200 AN 5 0 R S5 56 %% U AH OC /) PXP
RS v e R A 45 AR 2 R I EL AN BT 4 SR 11
ABHFE , PXP LR oA 1k e A1 187 0 R B B Pk R i 2
RIEIR A M AIE A B T ETH, e /B A £ AR 58 4
B — R G SRS T ETH, A s =
PR . AN K BLIE IR A 0 O i B T A
TX AT A RE L BT AR AR AR 2 5
A AR E A3 A, B B ik = A B ) B RR  BT
PLE 4 S B AR K S B B AT £ Ak ST — S 3L i
T 2 R R A B W B RGO R AR A R SRR
sl AT — RSN R BT 21k
JE R I 4 AE R 1Y B 0 IR gl R AT DL AR 5 B AR
JE 000200 A i TR I K B SR N R S X — g
S RAEE A EA R RE . AR A AL
AHE S rh RS i it 22 (A R S AR R IR 24 8 1) (sub-
volume entangled) , {H &% 3T BF 5% # % thermalfield
double state (9 Ji & , #4381 55 24 2 1) (volume en-

tangled) % I i JR 4 (rainbow scars) ', X 4~ i
(8 2% - 5T L R 2 2 i 45 40 1) DR 2o, T B
BT R A I REAE BLAE AR B TR S B, BR T DL T
ZHEIRAS MRS ETH RS, 5 20 5%
NN NFZREAG HEE g P E RN g
s m i 2L A M T O E W E T ETHW
A /R AA 23 18] % A 4k (Hilbert space fragmentation,
HSF) #4010 A HSF w3l % i Tk Fi8 3
FF 52 3] Ll (5 B R < 4 2 28 Y R A e 28 i o AT
Y I AE — SE ] By AR b w49 2 09 285 HBE sk T A
A KA RS [ ) — 0 40 o X5 B0 IR A R 25 ) A #
W — ZR IR R Krylov sectors [ T A, M i #2448 T
— Ml ETH M8 i 42 . 1 H K 2 Krylov sector
WEAAERTHERSHRS . &G L B FE2KESR
A 2 A A WO R A B o
T8 b B A T e o U AR T AR B W) A
PRELY oo, FRATA TS X 4 2 10 2 80 25 L i
FY L IRRIF R A A B e W E
18 98 2K I X 7 TS Y — > R R T ]

o

TSR RO R SRR T e R S RV BURSERY
TSR AEWT I D R T IR~ 1 ¥ 5 Rl 2800 A B TR
181 i 1 A B T 2 OB IR S G IR K I S ) T N AT A S
PEo Tl 2Bt 3R 1 2 AR 204k N BB 3 T 004 TR 45 T
RZA 8 L B

5% Sk -

[1] POINCARE H. Sur le probleme des trois corps et les
équations de la dynamiqu [J]. Acta Mathematica, 1890,
13(1-2): 1-270.

[2] BARROW-GREEN J. Poincaré and the Three Body
Problem: 11 [M]. Providence, RI: American Math-
ematical Society, 1997.

[3] GUTZWILLER M C. Moon-Earth-Sun: The oldest
three-body problem [J]. Reviews of Modern Physics,
1998, 70 (2) : 589-639. DOI: 10.1103/RevModPhys.
70.589.

[4] FEYNMAN R P. The Character of Physical Law[M].
Cambridge, MA: The MIT Press, 2017.

[5] ANDERSON P W. More Is Different. Broken symme-
try and the nature of the hierarchical structure of science.
[J]. Science, 1972, 177 (4047) . 393-396. DOI: 10.
1126/science.177.4047.393.

[6] BERRY M. Singular Limits[J]. Physics Today, 2002,
55(5): 10-11. DOI:10.1063/1.1485555.



3%

55 3 2T A T 2 OB IR A B LA S 261

[7]

[8]

[9]

[17]

[18]

[19]

[20]

[21]

[22]

MA S K. Modern Theory of Critical Phenomenal M ]. New
York: Routledge, 2018. DOT:10.4324/9780429498886.
CARDY J L. Scaling and Renormalization in Statistical
Physics[M]. Cambridge: Cambridge University Press,
1996. DOI:10.1017/cb0o9781316036440.
WILSON K G. Problems in Physics with many Scales
of Length[J]. Scientific American, 1979, 241(2): 158-
179. DOIT:10.1038/scientificamerican0879-158.
GIBBS J W. Elementary Principles in Statistical Me-
chanics[ M ]. Mineola, NY: Dover, 2014.
MA S K. Statistical Mechanics [ M ]. Singapore: World
Scientific, 1985.
LANDAU L D, LIFSHITZ E M. Statistical Physics,
Part 1, 3rd Ed.[M]. Oxford: Pergamon Press, 1980.
D'ALESSIO L, KAFRI Y, POLKOVNIKOV A, ez
al. From quantum chaos and eigenstate thermalization
to statistical mechanics and thermodynamics [J]. Ad-
vances in Physics, 2016, 65(3) : 239-362. DOI: 10.
1080/00018732.2016.1198134.
BIRKHOFF G D. Proof of the Ergodic Theorem[J].
Proc Natl Acad Sci USA, 1931, 17(12) : 656-660.
DOI:10.1073/pnas.17.2.656.
VON NEUMANN J. Proof of the Quasi-Ergodic Hypoth-
esis[J]. Proc Natl Acad Sci USA, 1932, 18(1): 70-82.
DOI:10.1073/pnas.18.1.70.
KRYLOV N S. Works on the Foundations of Statisti-
cal Physics[M]. Princeton, NJ: Princeton University
Press, 1979.
DEUTSCH J M. Quantum statistical mechanics in a
closed system [J]. Physical Review A: Atomic, Mo-
lecular, and PhysicsOptical, 1991, 43(4) : 2046-2049.
DOI1:10.1103/PhysRevA.43.2046.
SREDNICKI M. Chaos and quantum thermalization
[J]. Physical Review E: PhysicsStatistical, Plasmas,
Fluids, and Related Interdisciplinary Topics, 1994, 50
(2):888-901. DOI:10.1103/PhysRevE.50.888.
SREDNICKI M. The approach to thermal equilibrium
in quantized chaotic systems[J]. Journal of Physics A :
Mathematical and General, 1999, 32(7) : 1163-1175.
DOI1:10.1088/0305-4470/32/7/007.
RIGOL M, DUNIJKO V, OLSHANII M. Thermal-
ization and its mechanism for generic isolated quantum
systems [J]. Nature, 2008, 452 (7189) : 854-858.
DOI:10.1038/nature06838.
DEUTSCH J M. Eigenstate thermalization hypothesis
[J]. Reports On Progress in Physics, 2018, 81(8) :
082001. DOI:10.1088/1361-6633/aac9fl.
BAXTER R J. Exactly Solved Models in Statistical Me-

[23]

[24]

[25]

[29]

[30]

[31]

[32]

[33]

chanics[ M ]. Mineola, NY : Dover Publications, 2007.
SUTHERLAND B. Beautiful Models: 70 Years of
Exactly Solved Quantum Many-Body Problems [M].
Singapore: World Scientific, 2004. DOI:10.1142/5552.
FRANCHINI F. An Introduction to Integrable Tech-
niques for One-Dimensional Quantum Systems [ M ].
Cham: Springer, 2017. DOI: 10.1007/978-3-319-
48487-7.

GORNYIITV, MIRLIN A D, POLYAKOV D G. In-
teracting Electrons in Disordered Wires: Anderson Lo~
calization and Low-T Transport[J]. Physical Review
Letters, 2005, 95(20) : 206603. DOI: 10.1103/Phys-
RevLett.95.206603.

BASKO D M, ALEINER I L., ALTSHULER B L.
Metal-insulator transition in a weakly interacting many-
electron system with localized single-particle states[ J].
Annales de Physique, 2006, 321(5): 1126-1205. DOI:
10.1016/j.a0p.2005.11.014.

NANDKISHORE R, HUSE D A. Many-Body Local-
ization and Thermalization in Quantum Statistical Me-
chanics[J]. Annual Review of Condensed Matter Phys-
ics, 2015, 6 (1) : 15-38. DOI: 10.1146/annurev-
conmatphys-031214-014726.

ABANIN D A, ALTMAN E, BLOCH I, ez al. Col-
loquium: Many-body localization, thermalization, and
entanglement [J]. Reviews of Modern Physics, 2019,
91(2): 021001. DOI:10.1103/RevModPhys.91.021001.
KIM H, IKEDA T N, HUSE D A. Testing whether
all eigenstates obey the eigenstate thermalization hypoth-
esis[J]. Physical Review E: PhysicsStatistical, Plas-
mas, Fluids, and Related Interdisciplinary Topics,
2014, 90(5) : 052105. DOI: 10.1103/PhysRevE. 90.
052105.

LIFSHITZ I M, GREDESKUL S A, PASTUR L
A. Introduction to the Theory of Disordered Systems
[M]. New York: Wiley, 1988.

BERNIEN H, SCHWARTZ S, KEESLING A, et
al. Probing many-body dynamics on a 51-atom quan-
tum simulator [J]. Nature, 2017, 551 (7682) : 579-
584. DOI1:10.1038/nature24622.

TURNER C J, MICHAILIDIS A A, ABANIN D A,
et al. Weak ergodicity breaking from quantum many-
body scars [J]. Nature Physics, 2018, 14 (7) : 745-
749. DOI1:10.1038/s41567-018-0137-5.

TURNER C J, MICHAILIDIS A A, ABANIN D A,
et al. Quantum scarred eigenstates in a Rydberg atom
chain: Entanglement, breakdown of thermalization,

and stability to perturbations[J]. Physical Review B,



262

MHMERMBERER

2024 4F 9 A

[35]

[37]

[38]

[39]

[41]

[43]

2018, 98(15) : 155134. DOI:10.1103/PhysRevB.98.
155134.

HELLER E J. Bound-State Eigenfunctions of Classi-
cally Chaotic Hamiltonian Systems: Scars of Periodic
Orbits [J]. Physical Review Letters, 1984, 53 (16) :
1515-1518. DOI:10.1103/PhysRevLett.53.1515.
HELLER E J, TOMSOVIC S. Postmodern Quantum
Mechanics [J]. Physics Today, 1993, 46(7) : 38-46.
DOI1:10.1063/1.881358.

MOUDGALYA S, RACHEL S, BERNEVIG B A,
et al. Exact excited states of nonintegrable models[J].
Physical Review B, 2018, 98(23): 235155. DOI: 10.
1103/PhysRevB.98.235155.

MOUDGALYA S, REGNAULT N, BERNEVIG B A.
p-pairing in Hubbard models: From spectrum generating
algebras to quantum many-body scars[J]. Physical Re-
view B, 2020, 102(8): 085140. DOI:10.1103/Phys-
RevB.102.085140.

MARK D K, MOTRUNICH O I. »-pairing states as
true scars in an extended Hubbard model[J]. Physical
Review B, 2020, 102 (7) : 075132. DOI: 10.1103/
PhysRevB.102.075132.

SCHECTER M, IADECOLA T. Weak Ergodicity
Breaking and Quantum Many-Body Scars in Spin-1
XY Magnets[J]. Physical Review Letters, 2019, 123
(14): 147201. DOI:10.1103/PhysRevLett.123.147201.
IADECOLA T, SCHECTER M. Quantum many-
body scar states with emergent kinetic constraints and
finite-entanglement revivals [J]. Physical Review B,
2020, 101(2): 024306. DOI:10.1103/PhysRevB.101.
024306.

SHIRAISHI N, MORI T. Systematic Construction of
Counterexamples to the Eigenstate Thermalization Hy-
pothesis[J]. Physical Review Letters, 2017, 119(3) :
030601. DOI:10.1103/PhysRevLett.119.030601.
MARK D K, LIN C J, MOTRUNICH O I. Unified
structure for exact towers of scar states in the Affleck-
Kennedy-Lieb-Tasaki and other models[ J]. Physical Re-
view B, 2020, 101(19) : 195131. DOI: 10.1103/Phys-
RevB.101.195131.

PAKROUSKI K, PALLEGAR P N, POPOV F K,
et al. Many-Body Scars as a Group Invariant Sector of
Hilbert Space[J]. Physical Review Letters, 2020, 125
(23): 230602. DOI:10.1103/PhysRevLett.125.230602.
PAKROUSKI K, PALLEGAR P N, POPOV F K,
et al. Group theoretic approach to many-body scar
states in fermionic lattice models [J]. 2021, 3 (4) :
043156. DOI:10.1103/PhysRevResearch.3.043156.

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[56]

SUN Z, POPOV F K, KLEBANOV IR, et al. Ma-
jorana scars as group singlets[J]. 2023, 5(4) : 043208.
DOI:10.1103/PhysRevResearch.5.043208.

REN J, LIANG C, FANG C. Quasisymmetry Groups
and Many-Body Scar Dynamics[J]. Physical Review
Letters, 2021, 126(12): 120604. DOI:10.1103/Phys-
RevLett.126.120604.

REN J, LIANG C, FANG C. Deformed symmetry
structures and quantum many-body scar subspaces[J].
Physical Review Research, 2022, 4(1): 013155. DOI:
10.1103/PhysRevResearch.4.013155.

O'DEA N, BURNELL F, CHANDRAN A, et al.
From tunnels to towers: Quantum scars from Lie alge-
bras and g-deformed Lie algebras[J]. Physical Review
Research, 2020, 2(4): 043305. DOI: 10.1103/Phys-
RevResearch.2.043305.

MOUDGALYA S, MOTRUNICH O 1. Exhaustive
Characterization of Quantum Many-Body Scars using
Commutant Algebras[Z]. arXiv:2209.03377.

LIN CJ, MOTRUNICH O I. Exact Quantum Many-
Body Scar States in the Rydberg-Blockaded Atom
Chain [J]. Physical Review Letters, 2019, 122 (17) :
173401. DOI:10.1103/PhysRevLett.122.173401.
IVANOV A N, MOTRUNICH O I
entangled exact eigenstates in the PXP and related
models in any dimension[ Z]. arXiv:2403.05515.

HO W W, CHOI'S, PICHLER H, ez al. Periodic Or-

bits, Entanglement, and Quantum Many-Body Scars

Volume-

in Constrained Models: Matrix Product State Approach
[J]. Physical Review Letters, 2019, 122(4) : 040603.
DOI:10.1103/PhysRevLett.122.040603.

CHOI S, TURNER C J, PICHLER H, ez a/. Emer-
gent SU (2) Dynamics and Perfect Quantum Many-
Body Scars [J]. Physical Review Letters, 2019, 122
(22): 220603. DOI:10.1103/PhysRevLett.122.220603.
KHEMANI V, LAUMANN C R, CHANDRAN A.
Signatures of integrability in the dynamics of Rydberg-
blockaded chains [J]. Physical Review B, 2019, 99
(16): 161101. DOI:10.1103/PhysRevB.99.161101.
TURNER C J, DESAULES J Y, BULL K, ez al.
Correspondence Principle for Many-Body Scars in Ul-
tracold Rydberg Atoms [J]. Physical Review X,
2021, 11(2): 021021. DOI: 10.1103/PhysRevX. 11.
021021.

SURACE F M, MAZZA P P, GIUDICI G, et al.
Lattice Gauge Theories and String Dynamics in Ryd-
berg Atom Quantum Simulators [J]. Physical Review
X, 2020, 10(2): 021041. DOI: 10.1103/PhysRevX.



B3 43 2T A T 2 OB IR A B LA S 263
10.021041. [68] ANDERSON P W. Basic Notions of Condensed Matter
[57] YAO Z, PANL, LIU S, et a/. Quantum many-body Physics: 55[M]. Menlo Park, CA: Benjamin/Cum-
scars and quantum criticality [ J]. Physical Review B, mings Pub. Co., 1984.
2022, 105 (12) : 125123. DOI: 10.1103/PhysRevB. [69] CHAIKIN P M, LUBENSKY T C. Principles of
105.125123. Condensed Matter Physics [M]. Cambridge: Cam-
[58] TADECOLA T, SCHECTER M, XU S. Quantum bridge University Press, 1995. DO1:10.1017/CB0O97805
many-body scars from magnon condensation[J]. Physi- 11813467.
cal Review B, 2019, 100 (18) : 184312. DOI: 10. [70] ZEE A. Group Theory in a Nutshell for Physicists
1103/PhysRevB.100.184312. [M]. Princeton: Princeton University Press, 2016.
[59] PAN L, ZHAI H. Composite spin approach to the [71] KLEBANOV I R, TARNOPOLSKY G. Uncolored
blockade effect in Rydberg atom arrays [J]. Physical random tensors, melon diagrams, and the Sachdev-
Review Research, 2022, 4(3) . 1.032037. DOI: 10. Ye-Kitaev models [ J]. Physical Review D: Particles
1103/PhysRevResearch.4.1.032037. and Fields, 2017, 95 (4) : 046004. DOI: 10.1103/
[60] ZHANG P, DONG H, GAO Y, et al. Many-body PhysRevD.95.046004.
Hilbert space scarring on a superconducting processor [72] KLEBANOV IR, MILEKHIN A, POPOV F, e/ al.
[J]. Nature Physics, 2022. DOI: 10.1038/s41567-022- Spectra of eigenstates in fermionic tensor quantum me-
01784-9. chanics[J]. Physical Review D: Particles and Fields,
[61] YAO Y, XIANG L, GUO Z, et al. Observation of 2018, 97C10): 106023. DOIT: 10.1103/PhysRevD.97.
many-body Fock space dynamics in two dimensions 106023.
[J]. Nature Physics, 2023. DOI: 10.1038/s41567-023- [73] CHATTOPADHYAY S, PICHLER H, LUKIN M
02133-0. D, et al. Quantum many-body scars from virtual en-
[62] SU G X, SUN H, HUDOMAL A, et al. Observa- tangled pairs[J]. Physical Review B, 2020, 101(17):
tion of many-body scarring in a Bose-Hubbard quan- 174308. DOI:10.1103/PhysRevB.101.174308.
tum simulator [J]. 2023, 5(2) : 023010. DOI: 10. [74] SHIBATA N, YOSHIOKA N, KATSURA H. On-
1103/PhysRevResearch.5.023010. sager’s Scars in Disordered Spin Chains[J]. Physical Re-
[63] SERBYN M, ABANIN D A, PAPIC Z. Quantum view Letters, 2020, 124(18): 180604. DOI:10.1103/
many-body scars and weak breaking of ergodicity [J]. PhysRevlLett.124.180604.
Nature Physics, 2021, 17 (6) : 675-685. DOI: 10. [75] YANG C N. 5 pairing and off-diagonal long-range or-
1038/s41567-021-01230-2. der in a Hubbard model[J]. Physical Review Letters,
[64] MOUDGALYA S, BERNEVIG B A, REGNAULT 1989, 63(19) : 2144-2147. DOI: 10.1103/PhysRev-
N. Quantum many-body scars and Hilbert space frag- Lett.63.2144.
mentation: a review of exact results [J]. Reports On [76] YANG C N, ZHANG S C. SO, symmetry in a Hub-
Progress in Physics, 2022, 85(8): 086501. DOI: 10. bard model [J]. Modern Physics Letters B, 1990, 04
1088/1361-6633/ac73a0. (11): 759-766. DOI:10.1142/S0217984990000933.
[65] PAPIC Z. Weak Ergodicity Breaking Through the [77] ESSLERF H L, FRAHM H, GOHMANN F, ez al.
Lens of Quantum Entanglement [M]//BAYAT A, The One-Dimensional Hubbard Model [ M ]. Cambridge :
BOSE S, JOHANNESSON H. Entanglement in Spin Cambridge University Press, 2005. DOI: 10.1017/
Chains: From Theory to Quantum Technology Appli- CBO9780511534843.
cations. Cham: Springer, 2022: 341-395. DOI: 10. [78] AROVAS D P, BERG E, KIVELSON S A, et al.
1007/978-3-031-03998-0 13. The Hubbard Model [J]. Annual Review of Con-
[66] CHANDRAN A, TADECOLA T, KHEMANI V, et densed Matter Physics, 2022, 13(1): 239-274. DOI:
al. Quantum Many-Body Scars: A Quasiparticle Per- 10.1146/annurev-conmatphys-031620-102024.
spective [J]. Annual Review of Condensed Matter [79] YANG C N. Remarks and generalizations about SU,
Physics, 2023, 14(1) : 443-469. DOI: 10.1146/annurev- X SU, symmetry of Hubbard models[J]. Physics Let-
conmatphys-031620-101617. ters A, 1991, 161(3): 292-294. DOI:10.1016/0375-
[67] Wdw BRI TR R T 2R G [T]. B sl 9601(9190020-9.
R A #2023, 2(2): 147-177. DO1:10.12405/j. [80] AFFLECK I. Field Theory Methods and Strongly

1ssn.2097-1486.2023.02.004.

Correlated Electrons[M ]//LEE H C. Physics, Geom-



264

MHMERMBERER

2024 4F 9 A

[82]

[83]

[85]

[87]

[88]

etry and Topology. Boston, MA: Springer, 1990: 1-
13. DOI:10.1007/978-1-4615-3802-8 _1.

ZHAT H. Two generalizations of p-pairing in extended
Hubbard models [J]. Physical Review B, 2005, 71
(1)>: 012512. DOI:10.1103/PhysRevB.71.012512.

LI K. p-pairing in correlated fermion models with spin-
orbit coupling [J]. Physical Review B, 2020, 102
(16): 165150. DOI:10.1103/PhysRevB.102.165150.
VAFEK O, REGNAULT N, BERNEVIG B A. En-
tanglement of exact excited eigenstates of the Hubbard
model in arbitrary dimension[J]. SciPost Physics, 2017,
3(6): 043-21. DOI1:10.21468/SciPostPhys.3.6.043.
AFFLECK I, KENNEDY T, LIEB E H, ez al. Rig-
orous results on valence-bond ground states in antifer-
romagnets [ J]. Physical Review Letters, 1987, 59(7) :
799-802. DOI:10.1103/PhysRevLett.59.799.
GIRVIN S M, YANG K. Modern Condensed Matter
Physics [M]. Cambridge: Cambridge University Press,
2019. DOI:10.1017/9781316480649.

MOUDGALYA S, REGNAULT N, BERNEVIG B
A. Entanglement of exact excited states of Affleck-
Kennedy-Lieb-Tasaki models: Exact results, many-
body scars, and violation of the strong eigenstate ther-
malization hypothesis [J]. Physical Review B, 2018,
98(23): 235156. DOI1:10.1103/PhysRevB.98.235156.
GARRISON J R, GROVER T. Does a Single Eigen-
state Encode the Full Hamiltonian? [J]. Physical Re-
view X, 2018, 8(2) : 021026. DOI: 10.1103/Phys-
RevX.8.021026.

CHERTKOV E, CLARK B K. Computational In-
verse Method for Constructing Spaces of Quantum
Models from Wave Functions[J]. Physical Review X,
2018, 8 (3) : 031029. DOI: 10.1103/PhysRevX. 8.
031029.

QI X L, RANARD D. Determining a local Hamilto-
nian from a single eigenstate[J]. Quantum, 2019, 3:
159. DOI:10.22331/q-2019-07-08-159.

YAO Z, ZHANG P. Quantum Many-body Scars through
the Lens of Correlation Matrix[ Z]. arXiv:2410.21812.
MOUDGALYA S, MOTRUNICH O I. From sym-
metries to commutant algebras in standard Hamiltoni~
ans[J]. Annales de Physique , 2023, 455: 169384. DOI:
10.1016/j.a0p.2023.169384.

WANG H Y, ZHANG W Y, YAO Z, et al. Interre-
lated Thermalization and Quantum Criticality in a Lat-
tice Gauge Simulator [J]. Physical Review Letters,
2023, 131(5): 050401. DOI: 10.1103/PhysRevLett.
131.050401.

[93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]

[101]

[102]

[103]

GUO 7, LIU B, GAO Y, et al. Origin of Hilbert-
space quantum scars in unconstrained models[J]. Physical
Review B, 2023, 108 (7) : 075124. DOI: 10.1103/
PhysRevB.108.075124.
HALIMEH J C, BARBIERO L, HAUKE P, et al.
Robust quantum many-body scars in lattice gauge theo-
ries [J]. Quantum, 2023, 7: 1004. DOI: 10.22331/q-
2023-05-15-1004.
CHENG Y, ZHATI H. Emergent U (1) lattice gauge
theory in Rydberg atom arrays [J]. Nat Rev Phys,
2024, 6(9): 566-576. DOI:10.1038/s42254-024-00749-6.
BLUVSTEIN D, OMRAN A, LEVINE H, et al.
Controlling quantum many-body dynamics in driven
Rydberg atom arrays[J]. Science, 2021, 371(6536) :
1355-1359. DOT:10.1126/science.abg2530.
LANGLETT C M, YANG Z C, WILDEBOER J,
et al. Rainbow scars: From area to volume law [J].
Physical Review B, 2022, 105(6) : 1.060301. DOI:
10.1103/PhysRevB.105.1.060301.
SALA P, RAKOVSZKY T, VERRESEN R, et al.
Ergodicity Breaking Arising from Hilbert Space Frag-
mentation in Dipole-Conserving Hamiltonians[J]. Physi-
cal Review X, 2020, 10(1): 011047. DOI:10.1103/
PhysRevX.10.011047.
YANG Z C, LIU F, GORSHKOV A V., e al.
Hilbert-Space Fragmentation from Strict Confinement
[J]. Physical Review Letters, 2020, 124(20) : 207602.
DOI:10.1103/PhysRevLett.124.207602.
LANGLETT C M, XU S. Hilbert space fragmenta-
tion and exact scars of generalized Fredkin spin chains
[J]. Physical Review B, 2021, 103(22): 1.220304.
DOI:10.1103/PhysRevB.103.1.220304.
KHEMANI V, HERMELE M, NANDKISHORE
R. Localization from Hilbert space shattering: From
theory to physical realizations [J]. Physical Review
B, 2020, 101 (17) : 174204. DOI: 10.1103/Phys-
RevB.101.174204.
MOUDGALYA S, PREM A, NANDKISHORE R,
et al. Thermalization and Its Absence within Krylov
Subspaces of a Constrained Hamiltonian[ M ]//LIAN
B, LIU C X, DEMLER E, et al. Memorial Volume
for Shoucheng Zhang. Singapore: World Scientific,
2021: 147-209. DO1:10.1142/9789811231711_0009.
YOSHINAGA A, HAKOSHIMA H, IMOTO T,
et al. Emergence of Hilbert Space Fragmentation in
Ising Models with a Weak Transverse Field[J]. Physi-
cal Review Letters, 2022, 129(9): 090602. DOI:10.
1103/PhysRevLett.129.090602.



B3 A3 2R T R A kT 22 AR ES B LA U BOHE 42 265

[104] HART O, NANDKISHORE R. Hilbert space shat- Letters, 2023, 130(1): 010201. DOI:10.1103/Phys-
tering and dynamical freezing in the quantum Ising RevLett.130.010201.
model [J]. Physical Review B, 2022, 106 (21) : [108] WANG Y Y, SHIY H, SUN Z H, et al. Exploring
214426. DOI1:10.1103/PhysRevB.106.214426. Hilbert-Space Fragmentation on a Superconducting
[105] MOUDGALYA S, MOTRUNICH O I. Hilbert Processor[ Z]. arXiv:2403.09095.
Space Fragmentation and Commutant Algebras [J]. [109] KLOCKE K, MOORE J E, BUCHHOLD M.
Physical Review X, 2022, 12(1): 011050. DOT: 10. Power-Law Entanglement and Hilbert Space Frag-
1103/PhysRevX.12.011050. mentation in Nonreciprocal Quantum Circuits [ J]. Physi-
[106] BUCA B. Unified Theory of Local Quantum Many- cal Review Letters, 2024, 133(7): 070401. DOTI: 10.
Body Dynamics: Eigenoperator Thermalization Theo- 1103/PhysRevLett.133.070401.
rems[J]. Physical Review X, 2023, 13(3): 031013. [110] LYDZBA P, PRELOVSEK P, MIERZEJEWSKI
DOT:10.1103/PhysRevX.13.031013. M. Local Integrals of Motion in Dipole-Conserving
[107] KOHLERT T, SCHERG S, SALA P, et al. Ex- Models with Hilbert Space Fragmentation[J]. Physi-
ploring the Regime of Fragmentation in Strongly cal Review Letters, 2024, 132(22) : 220405. DOI:
Tilted Fermi-Hubbard Chains [J]. Physical Review 10.1103/PhysRevLett.132.220405.

LEZ,E ,EFH L ZNKFHEAFZERARFREFSFHAALR, 2011 F K
HELETEPEHFHARAKRS 20185 T £B 5 ik E X FLEMNHF 5K (UMass,
AmhersO K F W FWH L3415, 2018 F 3 2022 F A F R HEFMREANFH L
ERFR IV, ZENBREINKFHEHFERRPR EFFHRTR ML LTI,
HRARABEILEFTESTTHL ETEHFF T . T T AN KENTLE LTI
FHEDNFETBGTR .

(REHE:F )



